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Moiré systems

Nat. Rev. Mater. 5, 748-763 (2020)

Transition-metal 
dichalcogenides (TMDs)

Nat. Rev. Mater. 9, 460-480 (2024)

2D materials
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Moiré systems

Nat. Rev. Mater. 9, 460-480 (2024)

R5G/hBN

Nature 598, 429-433 (2021)
Phys. Rev. Lett. 133, 206503 (2024)
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Theoretical efforts

Griffiths & Schroeter (2018)

Model solutionModel construction

Lattice relaxation?

Hilbert space truncation?

Interaction schemes?

Ab initio / tight-binding / 
continuum / lattice model?

Mean field

Perturbation theory

Diagrammatic methods

Tensor networks, 
quantum Monte Carlo,
selected-CI

Exact diagonalizationAccuracy/cost

Hartree-Fock



Electron correlation effects in 
rhombohedral pentalayer graphene/hBN
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Generalized Wigner crystals in TMD heterobilayers Benchmark study of the triangular-lattice 
Hubbard model with CPMC

Generalized Wigner crystals under strain

Thesis contributions

Ung*, Mahajan*, Reichman. 
Phys. Rev. B 114, 065112 (2026)

Ung, Lee, Reichman. 
Phys. Rev. B 108, 245113 (2023)

Ung, Reichman. In prep. Ung, Zhang, Chen, Dong, Soejima, Lee. In prep.
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Talk outline

Electron correlation effects in 
rhombohedral pentalayer graphene/hBN

Generalized Wigner crystals in TMD heterobilayers Benchmark study of the triangular-lattice 
Hubbard model with CPMC

Ung*, Mahajan*, Reichman. 
Phys. Rev. B 114, 065112 (2026)
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Ung, Lee, Reichman. 
Phys. Rev. B 108, 245113 (2023)

Ung, Zhang, Chen, Dong, Soejima, Lee. In prep.
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Talk outline
Generalized Wigner crystals in TMD heterobilayers

Ung, Lee, Reichman. 
Phys. Rev. B 108, 245113 (2023)
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Generalized Wigner crystals (GWCs)

Nature 595, 53–57 (2021)

high lowelectron 
density

Weakly 
correlated

Strongly 
correlated

Scanning tunneling microscopy (STM)

Nature 597, 650–654 (2021)
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Generalized Wigner crystals (GWCs)

What is the ground state charge-order 
phase diagram as a function of filling factor?
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Continuum model Effective mass

Moiré potential strength

Moiré potential shape

Dielectric constant

Interacting continuum model

Phys. Rev. B 102, 201115(R) (2020)
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Continuum model

Interacting continuum model

Moiré potential

Effective mass

Moiré potential strength

Moiré potential shape

Dielectric constant

Phys. Rev. B 102, 201115(R) (2020)

Holes in the 
valence band

Nat. Nanotechnol. 17, 686-695 (2022)

Interacting continuum model

Phys. Rev. B 102, 201115(R) (2020)
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Ung, Lee, Reichman. Phys. Rev. B 108, 245113 (2023)

Hartree-Fock (HF) survey | charge densities

Moiré superlattice 
translational 
symmetry is 
generally broken.
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Ung, Lee, Reichman. Phys. Rev. B 108, 245113 (2023)

Hartree-Fock (HF) survey | charge densities
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Ung, Lee, Reichman. Phys. Rev. B 108, 245113 (2023)

Nature 597, 650–654 (2021)

StripesHartree-Fock (HF) survey | charge densities
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Nearly degenerate solutions | 𝝼 = ½ 

Ung, Lee, Reichman. Phys. Rev. B 108, 245113 (2023)

HF
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Nearly degenerate solutions | 𝝼 = ½ 

Ung, Lee, Reichman. Phys. Rev. B 108, 245113 (2023)

HF

What happens if we add beyond-HF correlations?
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Nearly degenerate solutions | 𝝼 = ½ 

Ung, Lee, Reichman. Phys. Rev. B 108, 245113 (2023)

HF

• Energy differences are < 1 meV across all 
solutions and methods.

• Correlation energy is non-trivial.
⟹ Small but sufficient to alter the energetic 
ordering of states from HF.

• Partially-pinned solution has the lowest energy. 
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Nearly degenerate solutions | 𝝼 = ½ 

Ung, Lee, Reichman. Phys. Rev. B 108, 245113 (2023)

HF

CCSD

Adding 
quantum 

fluctuations

HF

CCSD

Adding 
quantum 

fluctuations
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What about the ordered stripe state?

Hypothesis: 

Strain in the experimental system may reorder 
the competing states and stabilize the stripe state.

Triangular-lattice extended Hubbard models

…

Nature 597, 650–654 (2021)

• Able to access larger system sizes.

• Enables a clearer physical interpretation of 
strain effects.
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Talk outline
Benchmark study of the triangular-lattice 

Hubbard model with CPMC

Ung*, Mahajan*, Reichman. 
Phys. Rev. B 114, 065112 (2026)
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● Useful for studying:
○ TMD moiré heterostructures
○ Superconducting organic salts
○ Quantum spin liquids

● Triangular lattice
⟹ Strong correlation + geometric frustration

WX2/MoX2 (X = S, Se)

Phys. Rev. Lett. 121, 026402 (2018)

𝛋-(ET)2Cu2(CN)3

Phys. Rev. Lett. 91, 107001 (2003)

Phys. Rev. X 10, 021042 (2020)

DMRG phase diagram

Triangular-lattice Hubbard model

Nat. Phys. 9, 419-422 (2013)
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● Useful for studying:
○ TMD moiré heterostructures
○ Superconducting organic salts
○ Quantum spin liquids

● Triangular lattice
⟹ Strong correlation + geometric frustration

● Constrained-path Monte Carlo (CPMC) has 
been shown to be accurate for 
the square-lattice Hubbard model.

● How would CPMC perform for the 
triangular-lattice Hubbard model?

WX2/MoX2 (X = S, Se)

Phys. Rev. Lett. 121, 026402 (2018)

𝛋-(ET)2Cu2(CN)3

Phys. Rev. Lett. 91, 107001 (2003)

Phys. Rev. X 10, 021042 (2020)

DMRG phase diagram

Triangular-lattice Hubbard model
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Constrained-path Monte Carlo (CPMC)
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Constrained path Restrict to walkers that satisfy 𝝍𝑻|𝝓𝒊 > 𝟎 for some 
trial wave function 𝝍𝑻

⟹ polynomial sample complexity but biased estimates.

Stochastic rep. of 
wave function

Walkers

Hubbard-
Stratonovich

Random 
variable

Probability 
density

Imaginary-time 
evolution

Sign problem Walkers may cross the surface defined by 𝜳𝟎|𝝓𝒊 = 𝟎
⟹ noisy sampling, exponential sample complexity.

WIREs Comput. Mol. Sci. 8:e1364 (2018)
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Free-electron (FE) trials

• Slater determinants built from eigenstates 
of the non-interacting Hamiltonian.

• Symmetry-preserving.

Symmetry-adapted trial wave functions

Ung*, Mahajan*, Reichman. Phys. Rev. B 114, 065112 (2026)

Symmetry-projected trials

• Constructed by variationally optimizing a 
generalized HF (GHF) determinant 𝜓GHF  under 
symmetry projection.

         ⟹ the variation-after-projection (VAP) approach.
      

Symmetry-
projected energy

Symmetry 
projector

Complex 
conjugation

(K)

Spin
(S2)

Space 
group 
(SG)

Closed shell Open shell
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Cylinder geometries

Ung*, Mahajan*, Reichman. Phys. Rev. B 114, 065112 (2026)

YCn
XCn

Periodic 
boundary 
conditions

Open 
boundary 
conditions
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CPMC benchmark results | 𝝼 = ½

Ung*, Mahajan*, Reichman. Phys. Rev. B 114, 065112 (2026)

Energy per site

FE trials

YC
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CPMC benchmark results | 𝝼 = 1

Ung*, Mahajan*, Reichman. Phys. Rev. B 114, 065112 (2026)

XC
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Talk outline

Electron correlation effects in 
rhombohedral pentalayer graphene/hBN

Ung, Zhang, Chen, Dong, Soejima, Lee. In prep.
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QAH effect in rhombohedral pentalayer graphene/hBN

● Quantum anomalous Hall (QAH) effect  
⟹ quantized Hall resistivity without a magnetic field.

● Integer QAH effect at filling 𝜈 = 1, consistent with a 𝐶 = 1 
Chern insulator.

● Fractional QAH effect at fractional 𝜈, consistent with fractional 
Chern insulators upon partially filling a 𝐶 = 1 band.

𝐶 = 1

Hall resistivity 

Chern number

Nature 626, 759-764 (2024)

Nature 598, 429-433 (2021)
Phys. Rev. Lett. 133, 206503 (2024)

Ung, Zhang, Chen, Dong, Soejima, Lee. In prep.
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HF phase diagram | 𝝼 = 1

Ung, Zhang, Chen, Dong, Soejima, Lee. In prep.

𝐶 = 1

𝐶 = 0

Model

Dong, …, Soejima et al.,
Phys. Rev. Lett. 133, 206503 (2024) 
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HF phase diagram | 𝝼 = 1

𝐶 = 1To what extent do beyond-HF correlations 
modify the HF phase diagram?
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Near the WC—AHC boundary | energy difference

Ung, Zhang, Chen, Dong, Soejima, Lee. In prep.

≈ 0.2∘ ≈ 26% of 𝜃 window

Upward shift due to 𝐸corrAHC − 𝐸corrWC > 0 ⟹ 𝐸corrWC > 𝐸corrAHC .
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Near the WC—AHC boundary | correlation energy

1. Within each correlated method, 𝐸corrWC > 𝐸corrAHC .

Ung, Zhang, Chen, Dong, Soejima, Lee. In prep.
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Near the WC—AHC boundary | correlation energy

Ung, Zhang, Chen, Dong, Soejima, Lee. In prep.

This trend is consistent with the smaller HF charge 
gaps of the WC, which indicate a softer charge 
sector and enhanced particle-hole fluctuations.

Occupied bands

Unoccupied bands

Charge gap
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Near the WC—AHC boundary | correlation energy

Ung, Zhang, Chen, Dong, Soejima, Lee. In prep.

2. Provides insight into how different quantum fluctuation 
processes contribute to the correlation energy.

HF
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Near the WC—AHC boundary | correlation energy

Ung, Zhang, Chen, Dong, Soejima, Lee. In prep.

HF

MP2

MP2 gives the lowest-order dynamical correction to HF, 
which is the second-order energy in Rayleigh-Schrodinger 
perturbation theory.

⊂
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Near the WC—AHC boundary | correlation energy

Ung, Zhang, Chen, Dong, Soejima, Lee. In prep.

dRPA ring diagrams introduce dynamical screening and 
energetic contributions from long-range collective 
density fluctuations (i.e. plasmons).

HF

MP2

dRPA

⊂

⊂
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Near the WC—AHC boundary | correlation energy

Ung, Zhang, Chen, Dong, Soejima, Lee. In prep.

HF

MP2

dRPA

CCSD

CCSD exchange and particle-particle/hole-hole ladder 
diagrams capture higher-order Pauli exchange effects 
and short-range pair correlations.

⊂

⊂

⊂
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Summary

Electron correlation effects in 
rhombohedral pentalayer graphene/hBN

• Small correlation energies destabilize the AHC 
relative to the WC.

• The WC has a more negative correlation 
energy than the AHC.

Generalized Wigner crystals in TMD heterobilayers

• The energy landscape is remarkably complex.

• Hartree-Fock can provide a good description 
of GWCs.

• Correlation energies are small but nontrivial.

Benchmark study of the triangular-lattice 
Hubbard model with CPMC

• CPMC can accurately treat this model with 
strong correlation and geometric frustration.

• Appropriate symmetry-adapted trials are 
important for reducing constraint bias.

Ung*, Mahajan*, Reichman. Phys. Rev. B 114, 065112 (2026)Ung, Lee, Reichman. Phys. Rev. B 108, 245113 (2023)

Ung, Zhang, Chen, Dong, Soejima, Lee. In prep.
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